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SINGULAR PERTURBATION PROBLEM IN 
BOUNDARY/FRACTIONAL COMBUSTION 


ARSHAK PETROSYAN, WENHUI SHI, AND YANNICK SIRE 

Abstract. Motivated by a nonlocal free boundary problem, we study uniform 
properties of solutions to a singular perturbation problem for a boundary- 
reaction-diffusion equation, where the reaction term is of combustion type. 
This boundary problem is related to the fractional Laplacian. After an optimal 
uniform Holder regularity is shown, we pass to the limit to study the free 
boundary problem it leads to. 
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1. Introduction 


In this paper we study nonnegative solutions for the semilinear boundary-reaction- 
diffusion problem: 



(Pe) 
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where B i is the unit ball in R”, n > 2, s G (0,1), and e is a small positive parameter. 
The nonlinear reaction term j3 e (t) is of combustion type and is given by 

( 1 . 1 ) = 

with /? G C^’ 1 ^) satisfying 

(1.2) /3 > 0, supp/3 = [0,1], and f /3(t)dt = M. 

Jo 

Note that the solutions of ( | / b p are the critical points (including the local minimiz- 
ers) of the energy functional 

(1.3) J e (u) = f |Vu| 2 |x„| 1 - 2s + [ 2S e (u) 

J b) j Bj 

among all functions in the weighed Sobolev space W 1,2 (B+, |a; n | 1_2s ) with fixed 
trace on (dB i) + = dB\ D {x n > 0}, where 23 £ is the primitive of /3 e given by 

'Be(t) = [ f3 e {s)ds. 

Jo 

Formally, as e —> 0+, the functional J e converges to 

Jo(u) = [ |Vu| 2 |x„| 1 “ 2s + f 2 M X{ U>0}, 

Jb+ Jb[ 

which is the boundary (or thin) analogue of the Alt-Caffarelli IAC8lj energy func¬ 
tional. The study of the minimizers of Jq has been initiated in jCRSlOl and by now 
there is a good understanding of the associated free boundary problem. Namely, it 
is known that the minimizers of Jq solve (in the appropriate sense) 



divdznl 1 2s Vu) = 0 

in B+, 

(■ p) 

— lim = 0 

aJ„-i-0+ ox n 

on {u > 0}nBj, 


lim + ^o) _ / 2M 

i-H>+ t s y C 0 (s) 

for x 0 G J u , 

where 




J u := <9{u(-,0) > 0}nB( 

is the free boundary in the problem, v' is the in-plane, inner unit normal to 
{m(., 0) > 0} and and co(s) > 0 is a constant. The regularity properties of the 
free boundary for the minimizers in the case s = 1/2 have been studied in the 
series of papers |: DSR12lFDSS121fDSS141 . establishing the smoothness of flat free 
boundaries. For the general s € (0,1), the C 1,a regularity of flat free boundaries 
has been established in IDSSS14I . 

One of our main objectives in this paper is to show that the solutions u E of the 
singular perturbation problem ( ] / [ ) , also converge to a solution to the free boundary 
problem 0, in a certain, weaker, sense. We show the uniform s-Holder regularity 
of u e ( Theorem 12.ID . however, the passage to the limit u as e —> 0+ is complicated 
by the fact that ® e (u e ) may not converge (in weakly-* sense) to M\{ u > o}- Never¬ 
theless, at free boundary points xq € with a measure-theoretical normal and a 
nondegeneracy condition on u, we can establish an asymptotic development of u, 
implying the free boundary condition in (fPl) (Theorem 14.ID . 
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This kind of convergence results are very well known in combustion theory for 
the singular perturbation problems of the type 

Au e = j3 e {u e ) in Bi, 

(even in time-dependent case) with f3 e as in m, since the works of Zel’dovich and 
Frank-Kamenetskii |ZFK38j . Mathematically rigorous results, however, are much 
more recent. Here we cite some of the important ones for our paper: [BCN90| 
ICV95UVa,z96UCT J W97allCTAV97bllTTPSr)3HWeif)3| . 

The singular-perturbation problem ( ] / b D can be also viewed as the localized ver¬ 
sion of the global reaction-diffusion equation 

(-A x >) s u E =-/3 e (u e ) in H C l"' 1 
u e = g e on R ra_1 \ Q 


for the fractional Laplacian (—A x >) s in x' = (aq,..., x n -\) variables, where g e is a 
nonnegative function on R" _1 \ fl having the meaning of the boundary data. We 
recall that the fractional Laplacian is defined as the Fourier multiplier of symbol 
|£'| 2s for s £ (0,1) (see [Lan72] for a treatment of these operators). Note that the 
solutions of ( P' e I are the critical points of the energy functional 


J[v) = c„ 


{u{x') - u(y')) 2 


£>/ _ y/|n— l+2s 


/R 71 - 1 


2 ® e (u), 


among all functions such that u = g e on 
constant.) 

The connection between 


pn—1 


\ il. (Here c n<s > 0 is a normalization 


and (PI I is then established through the so-called 
Caffarelli-Silvestre extension |CS07j : if for a given function u on R n_1 (with ap¬ 
propriate growth conditions at infinity) we consider the extension u to R" = 
R" _1 x (0, oo) by solving the Dirichlet problem 

L s u = div(a;) l _2s VM) =0 in R" 

u = u on R 71 ^ 1 x {0} 

then 


lim x 

:n->0+ 


1 - 2s dV L = (_ Axi y 
ox n 


u on 


x {0} 


for a positive constant c n , s . Hence, if u e solves (P' e I, Xq £ H and R > 0 are such 


that B' r (xq ) C H, then the extension of u e to R" constructed as above will solve 


in B r (x o). As a consequence, the singular perturbation problem (P £ ' I for the 


fractional Laplacian, becomes a boundary (or thin) singular perturbation problem 
for the operator L s in one dimension higher. 


Main results and the structure of the paper. In this paper, we will focus on 
the uniform estimate of the solutions to ( P e ) and the proof of the free boundary 
condition in 0. 

• In fj2] we prove the uniform s-Holder regularity for the solutions of m , see 
Theorem l2.ll This allows to pass to the limit as e —> 0+ and study the resulting 
solutions in the subsequent sections. 
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• In 21 we prove various results concerning the limits of u s , or, more precisely, the 
limits of the pairs (u e ,1 3 e (« e )), which we denote (u, y). The results include the 
compactness lemma (Lemma 13.Ill , ensuring the convergence in the proper spaces 
and Weiss-type monotonicity formulas for u e and (u,x) (Theorems 13.41 and 13.51) . 

• In 21 we prove that the free boundary condition in problem 0 is satisfied at 
free boundary points with measure-theoretical normal for {rt(-, 0) > 0}, under the 
additional nondegeneracy condition (Theorem 14.11) . This is done by identifying 
the blowups with flat free boundaries (Proposition l4.3D . We conclude the paper by 
proving two additional propositions related to the Weiss energy at nondegenerate 
points (Propositions 14.41 and 14.51) . 

Notations and preliminaries. 

• We will use fairly standard notations in this paper. 

o 1" will stand for the n-dimensional Euclidean space; 

o For every x £ R™ we write x = (. x',x n ), where x' = (x\,... ,x n -\) £ R" _1 . 
This identifies R” with R ra_1 x R. We also don’t distinguish between ( x 0) 


and x', thus identifying R” 1 with R™ 1 x {0} C R“. 
o RJ = R n D {±x n > 0}; 

o Balls and half-balls: B r (x) = {y £ R™ : \y — x\ < r}, Bf(x) = B r (x) D {±x„ > 


0 } 


o ‘Thin’ balls: B' r (x) = B r (x) D {x n = 0}. 

o Typically, we skip the center in the notation for balls if it is the origin. Thus, 
Bi = Bi(0), B[ = B[( 0), etc. 

• For the functions f3 and /3 e , we make the following assumption throughout the 
paper. Besides (O) (ED , we fix a constant A > 0 such that 


max{|/3(s)|, |/3'(s)|} < A, for all s £ R. 

We will also need to make a technical assumption that 

(3 > 0 on (0,1). 

• The functions 23, 23 £ : R —► R are the primitives of /3 and /3 E given by 



(1.4) 


• Even extension of u e and weak solutions of ( |/t[ ). In what follows, we will be 
extending the functions u £ in B+ with even reflection to all of B\. 


u e {x',-x n ) = u E (x',x n ), forxeBf. 


With such an extension in mind, u e is a weak solution of ( ]/(-[ ) if for any test 
function ip £ Cf c (B 1 ) 


(1.5) 



or, in other words, 


divd^l 1 2s Vu e ) = 2f3 e (u e )x{ Xn -o} 


in the sense of distributions. 


Unless specified otherwise, by a solution of ( ] Ik [ ) we will always understand a 
weak solution of ( ] / T [ ) . 
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We also note that for functions which are even symmetric in x n , the energy 
functional m can be rewritten as 

Je(v) = l [ M 1 - 2s |Vp| 2 + f 2S e (w). 

" J B i J B ]| 

• Rescalings. Finally, throughout the paper we will make the extensive use of 
rescalings. For a given xq G B[ and A > 0 define 

W,a(U) = u e ° x {x ) := -—-, x G H(i-|z 0 |)/a- 

A straightforward computation shows that u Et \ satisfies 

div(|x„| 1_2s Vw Ej A) = 2/3 e/X s(u e ,x)W n ~ 1 l{x n = 0} in B^_\ Xo \)/\. 

2. Uniform C 0 ’ 5 regularity 

In this section we prove the following uniform Holder regularity result for the 

solutions of CEO- 

Theorem 2.1 (Uniform s-Holder estimate). Let u e be a nonnegative solution of 
( ] /A [ ) with ||u e || L oo( Bl ) < L. Then u s G C 0,S (K) for any K <g Bi with 

IMIc°.s(R) < C(n,s,A,L,K) 

uniformly for all e G (0,1). 

Our proof follows the ideas from JDPS03| in the case of p-harmonic functions. 
One of the main steps is the following Harnack-type inequality. 

Lemma 2.2 (Harnack-type inequality). Let v be a locally bounded nonnegative 
weak solution of 

0 < div(|x„| 1-2s Vu) < Ax {0<w <i}J{"" 1 L{x n = 0} in B x 
with u(0) < 1. Then there exists a constant C = C(n,s 7 A) such that 

IMU~(b 1/4 ) < c. 

To prove this lemma, we will need the following interior Holder estimate. 

Lemma 2.3 (Interior s-Holder estimate). Let \w\ < M be a weak solution of 

I div(|x„| 1_2s Vui)| < fiM n ^[{x n = 0} in Bi(xq). 

Here x$ is not necessarily on {x n = 0}. 

Then w G C ,0,s (H 1 / 2 (xo)) with 

II w IIco.»(b 1/2 (x 0 )) < C(n,s,n,M). 

Proof. 

(i) When Xq = 0, or more generally, (xo) n = 0, we refer to Remark 5.2 and the 
proof of Theorem 5.1 in |ALP 15| . 

(ii) The case of general x 0 is obtained by considering the subcases 

(a) |(x 0 ) n | > 3/4, and 

(b) |(x 0 )„|<3/4. 
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In the subcase (a) the equation is uniformly elliptic in B 5 / 8 (xq), and the 
estimate follows from standard interior estimates for uniformly elliptic equa¬ 
tions. In the subcase (b), the s-Holder continuity in B 1 / 2 ( 20 ) 0 {|a;n| < 1/8} 
is obtained from the case (i) above. The s-Holder continuity in B 1 / 2 (x 0 ) (~l 
(| x n > 1/8} is obtained from the uniform ellipticity of the operator L s in 
B\{xq) l~l {\x n \ > 1/8}. □ 


Proof of Lemma \2.2l We start by an observation that the function v is continuous 
by Lemma [2751 We will use this fact implicitly throughout the proof. 

We argue by contradiction. Assuming that the conclusion of the lemma fails, 
there exists a sequence of nonnegative solutions Vk with 


Wfc(O) < 1 but |K|| L oo (Bl/4) > k. 

Let Hfe := {x £ B[ : Vk{x) < 1}, Ok '■= {x £ Bi : dist(a;, fife) < |(1 — |x|)}, and 

Wfe := max(l — \x\)vk(x). 


Observe that B 4 / 4 C Ok- Then mk > | sup Si/4 Vk > | k. Let Xk £ Ok such that 
(1 - \x k \)vk{x k ) = m k , then 

3 

(2.1) Ufe(xfe) > 771 fc > -k. 

Consider the distance 6k '■= dist(xfe, fife) and yk £ f Ik realize 6k- By (12.II) . 8k > 0. 
Using the fact that 5k < |(1 — \xk\) and the triangle inequality, we obtain that 
Bs k / 2 (yk) C Ok and for any z £ B Sk / 2 (yk), 

(2.2) v k {z) < mk = - — j-Vk{x k ) < 2 Vk{x k ). 

1 ~ \ z \ i-ul 

Since Vk satisfies the homogeneous equation div(|aj n | 1_2s Vi'fc) = 0 in Bg k (xk), by 
the Harnack inequality in (FKS82) there exists c = c(n, s ) such that 


inf v k > cvk{x k ). 

B 3S k /i(xk) 


In particular, since B 5k / 4 (y k ) D B 3Sk/4 (xk) ^ 0, then 

sup v k > CV k {Xk). 

B S k /4 (Vk) 


(2.3) 

Define 

From 


and 


Wk(x) := 


we have 


Vk(yk + 5 k x) 
Vk{Xk) 


x £ B 


1 / 2 - 


SUp w k <2 and sup Wk > c. 


3 1/2 


5 l/4 


Moreover, using (EH) and recalling that Vk(yk) < 1, Wk satisfies 

dAS 2 ~ 2s 

0 < div(|x„| 1_2s VuJfc) < —— 'K n ~ 1 [{ X n = 0} in B 1/2 

. 4 

Wk > o, w k { 0) < 7^. 
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Now, invoking Lemma 12.31 we obtain that Wk are uniformly s-Holder continuous on 
compact subsets of B 1 / 2 and hence, over a subsequence, they will converge locally 
uniformly to a function w o which satisfies 

div(|a: n | 1_2s V«io) = 0 in Bi/ 2 , sup wo > c > 0, wq > 0, uio(O) = 0 

-^ 1/4 

This is a contradiction to the strong maximum principle in IKKS82| . □ 

Now we prove the uniform C 0,s regularity of u e . 

Proof of Theorem \2.1\ Note that it will be sufficient to prove the uniform estimates 
for small 0 < e < £o, with universal £o, as the estimate for £o < £ < 1 will 
follow from Lemma [2.31 It will also be sufficient to give the proof for K = Bi / 8 . 
Throughout the proof, we let 

f l e := {x £ B[ : u e < e}. 


Step 1. We will show that there exists a constant C = C{n : s, A) such that 

u e (x) < e + Cdist(ai, fi e ) s , x £ B[/ 4 \ Q e . 

The proof is based on the construction of a proper lower barrier function. 
Given Xq € B^ 4 \ fl e , let 

too := u e ( x 0 ) - £, S 0 '■= dist(a;o, ft £ )- 


We are going to show that 

mo < C(n, s, y1)<5q. 

By the Harnack inequality (see |CS14j l. there exists a constant c„ iS such that 


u e {x) - £> c njS m 0 , for any x £ B So / 2 (x 0 ). 


Next, we construct an auxiliary function as follows: Let A 1 / 2 2 := B 2 \Bij 2 , A\ 2 := 
B' 2 \ B[, and D := Ai/ 2 2 \ A[ 2 . Let ip : D — > R be the solution to the following 
Dirichlet problem 

div(|a:„| 1 ” 2s V</3) = 0 in D , 

if = 1 on dBi / 2 , 
ip = 0 on dB 2 U A' 12 - 

By the boundary Hopf lemma and boundary growth estimate (see [CS14j f as well 
as the symmetry of </?, the function ip has the following asymptotics at x £ dB[: 
there exists cq = cg(n) > 0 such that 


(2.4) 


lim 

t —^0-|- 


ip(x + tut) 
t s 


= C 0 . 


Here v' s is the in-plane outer unit normal of A\ 2 at x. Hence, we also have that 

(2.5) ^ ^ > c o/2 for 0 < t < t 0 

for sufficiently small to. Now let 


x — Xo 


i/j(x) := Cn iS m 0 ip 
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and Ds 0 , Xo '■= {x ■ G D}. Note that Ds 0lX0 C B i \ (~l B[). Applying the 

comparison principle in Ds 0 , Xo we have 

(2.6) ip(x) < u E {x) -£, x G Ds 0 , x o- 

Choose now yo G dfl e D dBs(x o) which realizes the distance So- By (12.61) and 
recalling the explicit expression of ip, we have 


(2.7) 


Cn,s'n7'0(p 


y o-xq 
. So 


So^vo 


1 ) 
y o J 


< 


u e {y 0 + tv:')-£ 


t s ~ t s 

We now want to use the estimate in Lemma m to obtain the bound on mo- For 
that purpose, consider the following rescalings at yo 

, x u e (yo + £ 1/s x) 

'^ J £,e 1 / S 


which satisfy 

div(|x n | 1_s Vu E e i/ 3 ) = 2(3{u e e i/B)‘K n ~ 1 \_{x n = 0} in B 1/(2e i /a) . 

Then, we can apply Lemma EO to conclude that | u e e i/„| < C = C{n, s , A) in Bi / 4 . 
For the function u e this translates into having the bound 

u e (yo + £ 1/fs x) < Ce, for |x| < 1/4. 


In particular, this gives that 

u E (y 0 + tv' yo ) - e 
t s 

Hence, from (12.71) . we obtain 

C n, S m 0 ip + ru'y^ 


< C, for t = e 1/,s (c5o/4) 


<CS S 0 , for r = e 1 ^ s (l/4). 


Then, using (12.51) . we conclude that for small 0 < e < eq, necessarily 

mo < CSo 


Step 2. We will show that for any y 0 G D B[, 4 
(2.8) \u e {x) - u E {yo)\ < C\x - y 0 \ s 

for any i G 5i, with a universal constant C. 

(i) Suppose first \x — yo\ < (1/8)e 1 / s . For this case, recall that for the rescaling 
u e e i/s at yo defined in Step 1 above we have the estimate \\u e e i/a\\L°°(B 1/i ) < 
C. Then by Lemma HO we also have the estimate Hw.e 1 / 3 IIc°> s (Bi / 8 ) < C 1 , 
which then implies that 

I u E {x) - u E (y 0 )\ = e\u^ £ i/s{{x - y 0 )/E 1/s ) - u £jE i/.(0)| < C\x - y 0 | s 

(ii) Suppose now iGBJ and \x — yo\ > (l/8)e 1 / s . Then from Step 1 we have 

I u e (x) - u E (y 0 )\ <2 e + C\x - yo I s < C\x - y 0 | s - 
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Combining the estimates in (i)-(ii) above, we obtain that (12.811 holds for any 
x £ B[. It remains to establish (12.81) for x £ B\ with x n ^ 0. Note that it will be 
enough to show it for x £ B^ 2 . 

In order to do that, we first extend u E (-, 0) to all of R” _1 by putting it equal to 
zero outside B[. Note that estimate (12.81) will continue to hold now for all x £ R™ _1 . 
Then, consider the convolution of the extended it e (-,0) with the Poisson kernel 


P Xn Or') := C n , t 


J2s 


(M 2 + 4)- 


for the operator L s . We then have 


\(u e (-,0) * P Xn ){x') - u E (y 0 )\ 


< 


[ [u E (x' - z', 0) - u E (y' 0 ,0)]P Xn (z')dz' 
J p- 1 

cf \ x ' - y'o - z'\ s Px n {z')dz' (by (EU)) 
J R ™- 1 


(since / R „_! P Xn = 1, Vx n > 0) 


< C / (|x' — y' 0 \ s + \z'\ s ) P Xn {z')dz' (triangle inequality) 

J R ”- 1 

< C {\x' - i/o| s + |x„| s ) < C\x - 2/0 1 s , 


where in the second last inequality we have used f Rn -i \z'\ s P Xn {z')dz' < C\x n \ s . 
Next, the difference 


v(x) = u E (x) - (u e (-,0) * P Xn ) ( x' ) 


satisfies 

div(|x ra | 1 ~ 2s Vp) = 0 in B +, v = 0 on B[. 

By making the odd reflection in x n , we can make v £ s -harmonic in B±. Hence, 
applying Lemma 12.31 we will have 


IMIc<m(b 1/2 ) < C(n,s,L). 

Combining the estimates above, we then conclude that (12.81) holds for all x G B 1 / 2 
and hence for all x £ B\. 

Step 3. In this step, we complete the proof that u e £ C°’ s (H 1 / 8 ) uniformly in e. 
From Step 2, it is enough to show that for any Xi,x 2 £ B 1 / s \ ft E , 

\u e (xi) - u e (x 2 )| < C|xi - x 2 \ s - 


Let d(x) := dist(x, fi e ). Then consider the following two subcases: 

(a) Suppose that \x\ — x 2 \ < | max{d(xi), d(x 2 )}. Without loss of generality, we 
assume that d := d(x i) > d(x 2 ). Let also y\ £ f t e be such that |xi — y i| = d. 
Then, consider the rescaling of u e at y\ by the factor of d 


u e ,d{x) 


u e (yi + dx) 
d s 


From Step 2, 0 < u e ^{x) < C\x\ s for x £ B i(£), £ := (aq — y\)/d. Moreover, 
u e> d satisfies the homogeneous equation div(|x„| 1_2s V-u ejd ) = 0 in Bi(£). By 
Lemma [2731 u Ei d £ C 0 ’ s (^ 3 / 4 (^))- In particular, for y := X2 ~ L Vl £ -B 3 / 4 (£) we 
have 


K Av) - u E , d (0\ < c\v-£\ s - 
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Rescaling back to u E we obtain 

|u E (xi) - u e (x 2 )| < C\xi - x 2 \ s . 

(b) Suppose now |a,’i — x 2 \ > \ max{d(a;i), d(x 2 )}. In this case, by Step 2, 

|u e (a;i) - u e (a; 2 )| < C(d(x i) s + d(x 2 ) s ) < C\x\ - x 2 \ s . □ 

We conclude this section with the following remark that {u E } are uniformly 
bounded also in W^(Bi, |a;„| 1_2s ). 

Proposition 2.4 (Uniform W 1,2 bound). Let u E be a nonnegative solution of ( ]/f p 
with ||w e ||z,'X’(b 1 ) < L. Then u E £ {B\, 1 1 ^ 2s ) for any K <s B\ with 

ll w e||iv 1 . 2 (K,|x ri |i- 2 '>) < C(n,s,A,L,K) 
uniformly for all e £ (0,1). 

Proof. Since u E is a nonnegative subsolution of £ s , the proof follows from a standard 
energy inequality. □ 


3. Passage to the limit as s —> 0 

3.1. Compactness. We start the section with the following local compactness 
lemma. Recall that we always assume that the functions u e and u are evenly 
extended in x n -variable. 

Lemma 3.1 (Compactness and limit solutions). Let u E be a nonnegative solution 
to (P £ ). Then over a subsequence 

(i) {it E } converges uniformly on compact subsets of B\ to a function u £ C^(B i). 

(ii) The limit function u in (i) solves div(|a:„| 1 _ 2 s Vit) = 0 in {u > 0}. 

(iii) /3 e (u s ) p. in the space of measures M (B' R ) for any 0 < R < 1. 

(iv) |a: n |( 1 _ 2 s ^ 2 VM £ — > |a; n |^ 1_2s ^ 2 Vit strongly in L 2 oc (Bi). 

(v) 23 e (u E ) % in L°°(B[) for some x € L°°(B' 1 ), where T> e are defined in (11.41) . 
We call the function u as above a limit solution of (0, and the pair ( u, x) a limit 
solution pair. 

Proof. (i) For any compact K <s B\ 1 we know by Theorem 12.II u E are uniformly 
bounded in C 0,S (I\). By Ascoli-Arzela’s theorem up to a subsequence Ej -A- 0, 
we obtain a function u £ C°’ S (K) such that u Ej u in C 0,a (K) with 0 < 
a < s. Since u E > 0, it follows that u > 0. 

(ii) From (i) we know that {it > 0} is open. If u(x o) = c > 0, from the uniform 
convergence of u E we obtain a small neighborhood U of x$ such that u E (x) > 
c/2 > e in U for every 0 < e < £q for some £o small. Then u E solves 
div(|ai n | 1 ” 2 s Vit E ) = 0 in U for any 0 < e < £q. The statement follows from 
the uniform convergence of u E to u. 

(iii) Since u E are uniformly bounded in W\ oc (Bi , |a; n | 1-2s ), see Proposition ^. 41 by 
plugging in a cut-off function into (ED it is straightforward to see that fi E {u E ) 
are uniformly bounded in Aoc {B[). 

(iv) For any 0 < R < 1, plugging a test function ip = u E r] in ED, where 77 £ 
C™(R n ), 77 > 0 and 77 = 0 outside Br, we obtain that 

(3.1) [ |x„| 1 _ 2 s |Vit e | 2 77 + \x n \ 1 ~ 2s u E 'Vu E ■ V 77 = — f 2/3 E (u E )u E r] 

Jb r Jb’ r 
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From (iii) and the fact that (3 e (u e ) is supported on the set {u e < e} we have 

(3.2) RHS of dSHI> -t 0 as e —>■ 0. 

From Proposition ^. 41 we know that over a sequence e = Ej —> 0, |a; n |( 1 _ 2 s )/ 2 Vzz £ 
converges to |x n |^ 1_2s ^ 2 Vw weakly in L 2 (Br). This together with (13.11) . (13.21) 
and the uniform convergence in (i) gives us 

(3.3) lim [ \x n \ l " 2 s \Vu e A 2 r] = - [ \x n \ 1_2s zzVu • Vrp 

£ ^°Jb r Jb r 

On the other hand, for every 5 > 0 consider the truncation u s = max{zz — S, 0}. 
By (ii), u s solves the homogeneous equation in {u > 5}. Taking the test 
function ip = u s rj in m for Ej e (0,5), where 77 is the same as above, and 
letting Ej —> 0 , we obtain 

(3.4) 0 = f \x n \ 1 ~ 2 s \\/u s \ 2 ri + j \x n \^ 2 s u s Vu 5 • Vzy 

J Br JBr 

Letting S —> 0+ in (13.41) . we obtain 

(3.5) f \x n \ 1 - 2 s \Vu\ 2 r 1 = - f \x n \^zzVu • Vzy. 

J Br J Br 

Comparing (13.31) and (13.51) . we conclude 

(3.6) lim [ \x n \ 1 ~ 2 s \S7u e \ 2 r] = [ |a; n | 1_2s |Vzt|V 

£ ^°Jb r Jb r 

This together with the weak L 2 convergence gives (iv). 

(v) Since 0 < !B £ (u e ) < M, then there exists a subsequence 'B Ej {u ej ) and x such 
that 

®<y(u £ ,) A X in L°°(B' 1 ). □ 


Lemma 3.2. Let \ be as in Lemma \3.1l Then 

X € (0 ,M} for a.e. x £ B[. 

Proof. Given 0 < 6 <C M/4 and K <s B[, let <5i and 62 be the (unique) positive 
numbers satisfying 



P(s)ds 


’ I — 82 


P(s)ds = S. 


Then we have 
(3 - 7 ) 

| K 0 {5 < ® £j (u ej ) <M- 5}| = I A' n {Jr < ^ < 1 - 5 2 }| 

£ j 

< I K D{/3 £ ■ (u s ) > — min /?} | 

Sj [5 1; l-5 2 ] 


< 


- g f 

1 [5i,l —<5 2 ] P JK 


clS £j 
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where we have used Lemma EjJiii) and the assumption that /3 > 0 in (0,1). Hence 
if we let Ag t x '■= K D {26 < x < M — 26}, then 

\A s ,k\ < | A s>k n {‘B Ej (u Ej ) < 6 or 'B ej {u Sj ) > M — 6}\ 

+ I As,k n {<5 < 'B Ej (u Ej ) < M — 5}\ 

< |K n {\‘B ej (u ej ) - xl > < 5 }| + \A s ,k n {(5 < T> Ej {u Ej ) < M - <5}|. 

By Lemma ITTTTT vl. ’B Ej {u Ej ) y in L°°{B' 1 ), and moreover 0 < T> ej < M for all j, 
thus 2 ^ Ej (u Ej ) —>• x in. L 1 {B[). This implies that |K D {\‘B Ej (u Ej ) — x\ > <5}| —)> 0 
as j —» oo. This combined with m yields that passing to the limit j —> oo, 
\As,k\ = 0. Because 6 and I\ are arbitrary, we have x £ {0, A^T} for a.e. x £ B[. □ 

The following lemma will play a crucial role in the paper. The proof follows the 
lines of Lemma 3.2 in |CLW97b] and is therefore omitted. 

Lemma 3.3 (Blowups at free boundary points). Let u Ej —> u uniformly on com¬ 
pact subsets of B 1 , and ¥> E . x in L°°(B[), as in Lemma \3.1\ For xq £ = 

d{u(-, 0) > 0} fl B[ and A > 0, consider the following rescalings 

u \°( x ) ’■= j; u ( x o + At), 

u*° x (x) := —u E {x ,o + At), 

X\° i x ') :=x(to + At'). 

Assume that there exists A^ —>• 0 such that —> U as k —> oo uniformly on 

compact subsets of ML and x^° Xo in L 00 (K."^ 1 ). Then there exists j{k) —> oo 
such that for every jk > j{k) we have that (£j fc /A|) —> 0 and 

(i) u^° Xk U uniformly on compact subsets of R™ 

(ii) \x n ] a - 2s)/2 Vu^ >Afe \x n \ ( 1_2 -)/2v£7 mL 2 oc (R") 

(hi) % k /x % K° kM ) A X o in L°°(R n_1 ) 

(iv) \x n \ (i-a-l/ayu^o \ Xn \(i-2s)/2 VU in Lf oc (M n ). 

We will call the function U (or the pair (U, xo)) a blowup of u (or the pair (it, x)) 
at To- Note that the above lemma says that (U, xo) is a limit solution pair on any 
ball Br, R > 0. 

3.2. Solutions in the sense of domain variation. We say that the function 
u E £ Wj£(B lt |T n | 1-2s ) is a domain-variation solution of ( P E ), if it satisfies 

(3.8) / |t„| 1 ~ 2s [—V u e g) V?r e : Vi/ 1 + ^|Vu e | 2 divi/)] + / 223 e (it e ) divip = 0 

for every smooth vector field if) £ Cf°(Bi-,M n ) with if(B[) C R" _1 . The name 
comes from the fact that the equation (13.811 is equivalent to the condition 

-^-J E (u(x + Tip(x)))\ T _ Q = 0, 

where 

J e (v) = \\ |t„| 1 - 2s |Vu| 2 + f 2® e (u) 

J B i J B\ 
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is the energy associated with ( ]/ £ [ ). In particular, we see that the weak solutions of 
m are also domain-variation solutions. 

Now, the advantage of the domain-variation solutions is as follows: if u e is a 
weak solution of ( |/f-[ ), then by the compactness Lemma 13.11 the limit solution pair 
(it, x) over any e = Ej —> 0 satisfies 


(3.9) 


f Ixn] 1 2s hV«(g)V U : VV-+i|Viz| 2 divi/:]+ f 2ydiv^ = 0, 
Ib, 2 J B , 


for every smooth vector held if G R n ) with C M" _1 . While we could 

pass to the limit also in the weak formulation (11.51) . the additional information on 
X that we have from Lemma l3.2l will be important in the sequel. 


3.3. Weiss-type monotonicity formula. In this section we prove monotonicity 
formulas for the solution u e of fl_P £ [ ), and the limit solution pair (it, x) for (fPj) . This 
kind of formula has been hrst used by Weiss ( Wei03l in the “thick” counterpart of 
our problem, as well is the Alt-Caffarelli problem |Wei99j . 

Theorem 3.4 (Monotonicity formula for QP £ D ). Let x$ € B[ and u e be a solution 
to i f/ 7 ! ) with \\u e \\ L ae( B2 ) < L. For 0 < r < 1 — |cco|, let 


n-(u„r) = -F / |x„|‘- 2 '|V „ e | 2 - £ i 

r J B r (xo) r Jd 

1 


lain I 1 2s ul 


dB r (x 0 ) 


. 4 ® £ (it £ ). 

r n —1 / / x t/ 

•> B' r (x 0 ) 


Then r K > ’f , £ °(it £ ,r) is a nondecreasing function of r. 
Proof. For 0 < r < 1 — |iro| consider the rescalings 

u e (x 0 + rx) 




Then 


*? 0 («e,r)=$°(u e , r ,l)= f IXnl^lWUe^-S f \x n \ 1 _ 2 ‘<r+ / 4 ^(r S U e ,r)- 

Jb x JdB x J B\ 


Thus 


^e,r j 'U , £,r 

dr 


= [ 2|a; n | 1 2s Vit £jr • V-^-u e , r - 2s [ |*„| 1_ 

dr J Bl dr JdB^ 

+ J ^ 4 / 3 £ (r s zi £ir ) ^sr s_ 1 u e , r + r s -^-u £ir ^ . 

Now, noting that it £j7 . solves 

div(|x„| 1_2s Vit £iT .) = 2r s /3 e (r s u e: r)M n - 1 [{x n = 0} in B 1/r 
and integrating by parts, using also the nonnegativity of /3 e (u e )u e , we have 


_\]/ x ° = 2 

dr s 


> 2 


r 

\Xril 1 28 {d v U, 

>dB x 

I 

W 1 - 28 (d v u, 

ldB 1 



7 /* 

{ d v U £ r ~ SU e r ) —U £ , r + / 4 / 3 £ ( r S U £r )t 

dr J b' 


d 

dr* 
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Observing that for x £ dB i, 

— u e r [x) = r~( 1+,s ) (( rx ) • Vu e (xo + rx) — su e {x o + rx )), 
dr 

d v u e ^ r (x) = x ■ Vu E r (x) = r~ s (rx ) • Vit e (xo + rx), 
we then obtain 

- 7 -^ * 0 {u E ,r) > [ kn| 1_2s ((x - a; 0 ) ■ Vit e - su e f > 0. 

dr r n+1 J dBr{xo) 

This implies that r 1 —> e ,r) is monotonically nondecreasing. □ 


By the compactness Lemma 13. II passing to the limit in a subsequence £j we get 
the following monotonicity formula for the limit pair (it,%). Similar monotonicity 
formula was used in the thin and fractional Alt-Caffarelli problems in [ API 2 ] and 
fMT 2 l . respectively. 


Theorem 3.5 (Monotonicity formula for (0). Let (u,x) be a limit solution pair 
and xq £ B[. For 0 < r < 1 — |sq|, let 


t 10 (M) = i / |s ra | 1 _ 2 s |Vu | 2 / 

r n J Br (x 0 ) r Jd 

1 


\Xn 1 1 2S U 2 


dB r(rc 0 ) 


r n —1 


4\- 


’B' r (x 0 ) 

Then r <—> ’F xo ( 7 i, r) is monotonically nondecreasing. More precisely, for 0 < p < 
cr < 1 - |x 0 |, 

a) — ’i> Xo (u,p) > [ —%-- [ \x n \ 1 ~‘ 2s ((x — Xq) ■ Vit — sit ) 2 da r dr > 0. 

J P r n+i J dBr(x 0 ) 

In particular, the limit ^“(it, 0+) = lim r ._ > .o+ Vt' a:o (M,r) exists. 


We will call the quantity 'F x °(it,0+) the Weiss energy of u at s 0 . 

Next we prove a corollary of the monotonicity formula above. For notation 
convenience, sometimes we write the dependence of ib on (it, y) explicitly, i.e. we 
write ^(u,x,r) instead of if (it, 7’). 


Corollary 3.6. Let (u,x) be a limit solution pair and Xq £ T u = 9{it(-,0) > 
0}nfl[. Then 

(i) if x °(u,r) > —C for any r > 0. 

(ii) Suppose for Xj —> 0 a blowup sequence (u \ j , x\j) (as in Lemma \3.S\) satisfies 

u\ j —> uo uniformly on compact subsets o/R", 

Xa, A Xo mi”( R"- 1 ). 

Then d'°(ito, Xo> r ) constant in r. Moreover, 


^°{u 0 ,xo,r) = ^ xo (-«,x,0+) = 


In particular, \b x °(u, 0+) > 0. 

(iii) ito is a homogeneous function of degree s, i.e. 



4xo- 


uq(Xx) = X s uq(x), for a.e. x £ R n , A > 0. 
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Proof. (i) Since u £ C' 1 °’*(IR rl ) and u(x o) =0, then 



uniformly in r. Thus 4 ,a:o (u, r) > — C for any r > 0. 
(ii) We use the following scaling property of du 


(3.10) 


^ 0 («A 3 -,XAj,r) = V X 0 (u,x,Xjr). 


From Theorem 13.51 the limit ^ x °(u, x, A^r) as j — > oo exists, and is equal to 
* X0 (u,x, 0T)- Thus, passing to j — > oo in (13.1 HI) we have 

^°{uo,Xo, r ) = ^ xo (u,X, 0+), for all 0 < r < 1 . 

(iii) By (ii) and Theorem 13.51 for all 0 < Si < S 2 < 1, 



By Theorem 13.51 the left hand side goes to zero as j oo. Thus passing to 
the limit we have 



for all 0 < si < S 2 < 1. 


This yields the desired homogeneity of uq. 

Finally, we show that 'F°(m 0 , Xo, t) = f B , 4%o• hi fact, 



By (ii), u o is homogeneous of degree s and satisfies no divda^l 1 2s Vito) = 0, 
since p E (u e ) £ x {0}) and u E /3 s (u E ) 0 in ^^(R 71-1 x {0}) as 

e —> 0. Then 



and consequently 



□ 


4. Asymptotic behavior of limit solutions 


Assume [u, x) is a limit solution pair in the sense of Lemma 13.II In this section 
we will show the asymptotic behavior of u around the regular free boundary points 
of Tu = <9{w(-,0) > 0} (~l B[. By regular free boundary point we mean a point 
Xq £ where has an inward unit normal v in the measure-theoretic sense. 

More precisely, by this we understand v £ R” -1 , \v\ = 1, such that 


(4.1) 



The main result of this section is as follows. 
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Theorem 4.1 (Limit solutions at regular points). Let (u,x) be a limit solution 
pair in the sense of Lemma \S.1\ Let xq G 3^ u be such that 

(i) has at xq an inward unit normal v in the measure theoretic sense, 

(ii) u is nondegenerate at Xq in the sense that there exist c, ro > 0 such that 

(4.2) n _ x f udx' >cr s , for any 0 < r < ro- 

r JB' r (x 0 ) 

Then we have the following asymptotic development 


*(*) = +o(\x- x 0 | s ), 


with 


c 0 (s) = s 2 


2 0 -l-2s V^(7 + 4s(s — 2))T(1 — s) 


r(i-«) 


Moreover, we have ^ x °(u, 0+) = 2M\B[\. 

Remark 4.2. In the case s = co(|) = f ■ 

We start by identifying the limit solutions u of the form 


U ( X ) = 2 ^ 1 V X 1 +X n + X 1 


for some a > 0. The free boundary in this case is = {x\ = Q,x n = 0}. This 
is the first step of understanding the asymptotic development of limit solutions 
around the ‘regular’ free boundary points. 

Proposition 4.3. Let {u,\) be a limit solution pair as in Lemma \3.1\ such that 


a 


x\ + x\ + £ 1 ^ for some a > 0. 


Then 


X = M X{x 1 >o} *- a.e. in 

and the constant a is given by 


\ , with co(s) as in Theorem\4-l\ 

V C 0 (s) 


Proof. In the proof below, we identify M" 2 with {0} x M” 2 , and denote x" = 
{X 2 , ■ ■ -,x n -i), B" = B' r n {xi = 0}. 

Step 1. We will show that for any ip G Cf°(B[; R™” 1 ), ip = {<pi ,..., ip n -i), 

(4.3) co(s)a 2 f (0, x")dx" + f 2x'div</? = 0. 

J B'p Jb[ 

If we take if G with if = {ip, 0) on B[ as a test function in (13.91) . then 


' B\ 


i|Vii| 2 div (|rCn| 1 2s if) — (V u) 1 Di/>V u\x„ 


+ / 2ydiviy3 = 0. 

Jb[ 
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Since la^ 1 |Vu| € L 2 oc (M. n ) by Lemma ITT~T1 (iv) and \ip n (x)\ < C\x n \, then for 
any small 6 > 0, 


(4.4) 




-|Vu| 2 div (| | 1 2s ip) — (V u) 1 DipV u\x r , 


[ 2y div Lp = 0(6). 
Jb' 


We next rewrite the first integrand in the LHS of (14.41) as follows. 

(4.5) i|Vn| 2 div (lag 1 - 2 ^) - (Vu)‘£ty>Vulag 1 " 28 

= 1 div (\X7u\ 2 ^\x n \'- 2s ) - iv(|Vu| 2 ) • iP\x n \ l ~ 2s 


— (\7 uY Dil’\7 u\x 7 


1 1—2 s 


To estimate the last two terms above, we observe that 

(Vu • ip) div(|a; rl | 1 ” 2s VM) = 0 in R” \ | yjx\ + x\ < , 

since div (|a; n | 1_2s Vu) = 0 in JR" \ {x\ < 0,a; n = 0} and ip • e n = 0, V'u = 0 on 
{x\ < 0,a; n = 0}. Thus, in {y/xf + x\ > <5}, 

(4.6) iv(|Vn| 2 ) • ip^n] 1 - 28 + (Vu)‘^VuM 1 " 28 

= div ((Vu • ^>)Vu|a;„| 1-2s ). 


Combining (14.51) and (14.61) . we rewrite (14.41) as 


/_ Tdiv(|Vu| 2 ^|a; n | 1 2s ) - div ((Vit • V’)Vw|a; 71 | 1 2s ) 

ly/xl+xl>5 1 


[ 2y div ip = 0(6). 
JB' 


An integration by parts gives 

(4.7) f ^-\\7u\ 2 (ip • u)|a;„| 1_28 — [ (Vu • iP)(Vu • u)|x n | 1 - 2s 

J yj xf-\-X^=S ^ J yj xf-\-X^=6 


[ 2xdi vtp = 0(6), 
JB' 


where u is the unit outer normal to {y/x 2 + = 5}. Next we estimate the first 

two integrals in the LHS of the above equality. Since u is homogeneous of degree s 
(and depends only on X\ and x n ), Vu • u = su. Thus, 

[ _ (\7u ■ ip)(S7u ■ v)\x n \ l ~ 2s = [ _ (Vu • ^)(su)|a; n | 1_2s 

JyjX^-\-X^ l =S J yjX^-YX^—S 


= 0 ( 6 ), 
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where we have used the growth estimate of u around the zero set as well as 
|Vu| \x n j ^ £ L 2 oc (W‘). To estimate the first integral we use the polar coordi¬ 


nates in (xi, x n )-plane: xi = rcos(0), x n = rsin(0). Then on {\/xf + x)( = 5}, 

1, 


-|Vu| (V’ • p)|x, 


il-2s 


25 


(cos(0/2)) + (| sin(0)|) i_2s [cos(0)ty • d) + sin(0)(V> • e n )\ 


Since i/j ■ e n = 0 on B [, 
1 


/._ i|Vu| 2 (V’-z^)|x„| 1 2s dx = lim f ^--25x 


lim , 

5-! '° J\/xl+xl=6 2 


where 


x f (cos(0/2)) 1+2s (sin(0)) 1 2s (cos(0)) 2 ^/>i(d cos(0), x", <5sin(0)) dOdx" 

Jo 

= co(s)a 2 j ^i(0,x",0 )dx", 

Jb[' 

cq(s) = s 2 f (cos(0/2)) _1+2s (sin(0)) 1_2s (cos(0)) 2 c?0 

Jo 


= s 2 


2 n —1 —2s V^(7 + 4s(s - 2))T(1 - s) 


r(| — s ) 


Combining the above estimates and letting <5 —> 0, we have for all <p £ C%° (B [; 1" 1 ) 
co(s)a 2 / -0i(0, x", 0)dx" + j 2xdiv<p = 0 

Jb'{ Jb[ 

Recalling ipi = tpi on B' l7 we have proved flop . 

Step 2. We now show that a = fy and X = AfX{n> 0 } SC n ~ 1 -a.e. in K ra_1 . 

(a) x = 44 in (*i > 0}. 

In fact, if y £ (xi > 0}, then u(y', 0) = a{y\) 8 > 0. Hence by the uniform 
Holder convergence of u ej to u, we have u e , > Ej in a neighborhood of (y 1 , 0) 
for any j > jo for some jo = jo(a, y\) large enough. Thus for j > jo and (x', 0) 
in the neighborhood of (y r , 0) we have 

r u £j( x ')/£j 

■B £ > £ .)(x')= / P(s)ds = M. 

Jo 

Letting j —> oo and since y' is arbitrary, we get x = M in (xi > 0}. 

(b) x = 0 in (xi < 0}. 

In fact, we can take any ip in (14.311 such that supper C IRC 1 D {xi < 0}. 
Then the LHS of (14.31) will vanish. This implies that x = const in (xi < 0}. By 
Lemma 13.21 \ = M or \ = 0 in {xi < 0}. If x — 44 in (xi < 0}, then x = M 
in K" _1 by (a). Thus from (14.31) / R „_ 2 <d(0, x")dx" = 0 for any compactly 
supported vector field <p, which is a contradiction. 

This then implies the claim that x = Mx{ Xl >o}- Next, applying an integration 
by parts to the RHS of (14.31) we have 

(4.8) co(s)a 2 f y>i(0, x")dx" = 2M ( <pi(0,x")dx". 

Jb" Jb'J 
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This implies 



We are now ready to prove Theorem 14.II 


□ 


Proof of Theorem EH Without loss of generality we assume Xq = 0 and v = e\. 
We also extend u by the even reflection with respect to x n . 

Consider the rescalings u\ and Xx at the origin. By Theorem 12.11 given p > 0, 
u\ is uniformly bounded in C 0,s (B p /\). Therefore, there exists a sequence Xj —► 0, 
uq G C°’ s (R n ) and xo € L°°(R n ) such that u\ j —> u o uniformly on compact subsets 
of 1" and x\j A Xo in ^“(K"- 1 ). 

Now, rescaling m, we see that for every R > 0, 


|{« A (-, 0) > 0} fl {a.’i < 0} n Bf j| —> 0 as A —> 0, 


and we deduce that uq = 0 Jf"~ 1 -a.e. in {uq < 0,x n = 0}. By continuity, uq 
vanishes on all of {x\ < 0,x n = 0}. Besides, we readily have that uq satisfies 
div(|x n | 1_2s Vuo) = 0 in {uo > 0}. Thus, we can apply Corollary I A. 2 1 in Appendix 
to obtain an asymptotic development 

(4.9) u 0 {x) = a2~ s [{x\ +x 2 n ) 1/2 + x-^j +o(|a;| s ) 

with a > 0. Next, note that by rescaling the nondegeneracy condition (14.21) and 
passing to the limit, we have 


1 

j.n— 1 



uodx' > cr s , 


for any r > 0, 


which implies that a > 0. On the other hand, by Corollary 13. 6f iiil. uq is homoge¬ 
neous of degree s and hence 


uq(x) = a2 8 (^{x\+x^) 1 ^ 2 + x\^ 


Now by Lemma EHJl (u o, xo) is a limit solution pair and we can apply Proposition l4.3l 
to conclude that a = yf , which is a constant independent of the sequence A j. 
This proof the asymptotic development for u. 

Finally, by Proposition 14.31 we also have that xo = Mx{ X i>o} an d hence by 
Corollary 13. 6f iil. 

#°(u,X,0+)= f 4xo = 2M\B[\. □ 

Jb[ 


We conclude the paper with two propositions regarding some additional proper¬ 
ties of limit solutions and the value of \E ,x °(tt, x, 0+), which may be useful in the 
further treatment of the free boundary. At the end we also give an alternative proof 
of Theorem 14.11 relying on these results, rather than on asymptotic developments 
in Appendix. 

The first proposition says that the nondegeneracy condition (14.21) at xq £ T u 
implies also a nondegeneracy for {u(-,0) = 0}. The proof uses the dimension 
reduction argument (see e.g. |Wei03 | ). 
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Proposition 4.4. Let (it, x) be a limit solution pair, and xg £ 3u such that u is 
nondegenerate at xo in the sense of (|4.2I) . Then 0 < 4 /a:o ('u, x, 0+) < 4M\B[\. In 
particular, \B' r (xo) D {u(-,0) = 0}| > 0 for any r > 0. 

Proof. Without loss of generality we assume that xg = 0. By Corollarv l3.6f iil and 
the inequality 0 < xo < M , to prove the first part of the proposition, we essentially 
have to exclude the possibility that 4 r °(u, x, 0+) = 4M\B[\, which is equivalent to 
having xo = M a.e. on R ra_1 (recall that (uo,xo) is a blow-up limit at 0 along a 
subsequence (ma, , X\ :j ))• We want to show that this implies that uo depends only 
on one variable x n . 

To this end, take xq £ T„ 0 C R” _1 such that xq ^ 0. Note that such point exists, 
otherwise uq > 0 in R n \ {0} (ug e 0 on R”^ 1 is excluded by the nondegeneracy 
assumption), which would imply that div (|x n | 1_2s Vuo) = 0 in R” \ {0}. Since Ug 
is locally bounded, by the removability of point singularities^] we would have that 
div (|sr n | 1_25 Vito) = 0 in all of R". Then, by the Harnack inequality IFKS82] (which 
implies Liouville theorem) we would have that uq = 0, which is a contradiction. 
Since uo is homogeneous, then Axq £ 3u 0 for each A > 0. Moreover, due to the 
equality Xo = M a.e. in R" _1 we will have Aa; ° (uo, Xo, 0+) = 4M\B[\ for each 
A > 0. Applying the monotonicity formula (Theorem [33]) to uo at xg we get 



< #*°(uo, Xo ,R) - t io («o,Xo,0+) 

= ^ x °{uo,Xo,R) ~ 'f f °('«o,Xo,0+) 

= ^ x °(uo,Xo,R) - ^°(u 0 ,Xo,R) 


(4.10) 


—► 0 as R —> oo, 


where the last line is due to the fact that uq is homogeneous, more precisely, since 
uq is homogeneous of degree s, then one has 


MS’ (x) = uq (x + ( xg/R )) -A uo(x) as R —> oo. 


Therefore, by (14.1011 and x ■ Vito = su o we have Vito • Xg = 0 in R n . This im¬ 
plies that uq is constant in Xo/\xg\ direction. An induction argument gives that 
ug(x) = ug(x n ). Then from u 0 (0) = 0 we obtain that ug = 0 on all of R” -1 , which 
contradicts to the nondegeneracy assumption (14.21) . 

The last statement in the proposition follows immediately from the observation 
that x = M in {u(-,0) > 0}. □ 

Our last proposition says that among all nonzero blowups at free boundary 
points, the one with a flat free boundary as in Proposition 14.31 has the smallest 
Weiss energy. 

Proposition 4.5. Let (u,x) be a limit solution pair. Let xo £ T u and assume that 
u is nondegenerate at Xg in the sense of (IQl) . Then V X0 (u,x, 0+) > 2M\B[\. 
Moreover, ^f x °(u, 0+) = 2M\B[\ iff any blow-up limit uq at Xq is uq{x) = 

a2~ s ( yjx\ + x\ + xi) s up to a rotation, with a = > s /2M/cq(s). 

1 Proof. Suppose |ito| < L and let w be such that L s w = 0 in B± and w = uq on dB\. By 
comparing the difference w — uq with i n \ B§, where <£ s (cc) = C s \x \~ 1—2s ) is 

the fundamental solution of £ s , and letting <5 —> 0+, we conclude that w = uq. □ 
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This result is the analogue of Theorem 9.4 in |AP12j . with a similar proof. 

Proof. Suppose there is xq £ J u such that ^“(u, x, x o) < 2M\B' 1 \. Let (u o,Xo) 
be a blow-up limit at xo along a sequence (u*° \j , X*° ) with £ j/^j 0 (by 

Lemma EP1) . Then by Corollary 13.61 ii) (iii). u 0 is homogeneous of degree s, and 

(4.11) T°K,Xo,r)= f 4x 0 = tl/ Xo (u,Xi0+) < 2M\B[\. 

Jb[ 

Since u satisfies the nondegeneracy assumption at Xo, then arguing as in Theo¬ 
rem pi we have that Uq is nontrivial. 

Let A := (u 0 (-,0) = 0}. Arguing as in Step 2(a) of Proposition 14.31 we have 
Xo(x) = M in R” _1 \ A. Thus (14.111) implies that 

(4.12) |ADB(| > \B(\/2. 

We write the homogeneous blow-up limit as Uq(x) = r s f(co), with r = |a:| and 
to = x/\x\ £ dB\. Since uq solves div(|a;„| 1_2s Vuo) = 0 in R" \ A, uo > 0 in R" \ A 
and uq = 0 on A, the function f(co) satisfies 

^ S_1 V U • (c4 -25 V w )/ = s(s-n+ 1)/ in dB x \ A, 

/ = 0 on dBi fl A, 

/ > 0 on dB 1 \ A. 

Thus / is the principal Dirichlet eigenfunction for the weighted spherical Laplacian 
on dBi \ with Ao = s(s — n+1), where := AndBi C dB\ fl {co n = 0}. From 
the variational formulation of the principal eigenvalue and using the symmetriza- 
tion we have, among all A w with |A W | constant, A takes the minimum iff A w is a 
spherical cap (here and later by spherical cap we mean the ‘thin’ spherical cap lying 
on {uj n = 0}, i.e. the classical spherical cap with center on dB\ fl {co n = 0} inter¬ 
sected with {w ra = 0}). This follows from the fact that the Steiner symmetrization 
in any spherical variable on dB \, orthogonal to x n will decrease the principal eigen¬ 
value. see Lemma 9.5 in |AP12j. bv addins the weight of w* 2s = (cos^-i) 1 2s 
(independent of d±, ..., 9 n - 2 ) in the energy functional in the proof. 

Let A* denote the minimum eigenvalue associated with the spherical cap A* with 
|A* | = |A W |. We immediately have A* < Ao- On the other hand, however, by (14.121) 
we have A* > Ao. This is due to the fact that Ao = s(s — n + 1) is the principal 
eigenvalue associated with the half sphere, which by (14.121) is contained in some A* 
after a rotation. Hence we arrive at a contradiction. 

Finally, note that the eigenspace associated with half thin-sphere, which without 
of generality we assume to be dBi fl {u>\ < 0,w n = 0}, is generated by u(x) = 
(\fx\ + x^ + uq) 5 . By the above argument, if 'S' x °(u, x, 0+) = 2M|H(|, then any 
blow-up limit uq is of the form uq = c(\/a; 2 + + ®i)' s , c > 0 after a rotation. By 

Proposition 031 c = 2~ s ^/2M/cq(s). □ 

At the end of the paper we would like to give an alternative proof of Theorem l4.ll 
without relying on Corollarv lA.2l in Appendix, but rather using Proposition l4.4l and 
some ideas from Proposition 14.51 

Alternative Proof of Theorem \4-l\ We start again by rescaling HD, to obtain that 
for every R > 0, 

|{ma(u 0) > 0} D {xi < 0} D B' r \ —0 as A —>■ 0, 
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which implies that uo = 0 J{" -1 -a.e. in {x\ < 0,x n = 0} and hence uo = 0 
everywhere on {xi < 0,x n = 0}, by continuity. Next, using that x = Af when 
u(-, 0) > 0, we also have 

|{x,\ < Af} n {xi > 0} n B'^\ —y 0 as A —y 0, 

implying that Xo = M IK" -1 -a.e. in {x\ > 0,x n = 0}. Hence, by Proposition 14.41 
necessarily uo > 0 or uq = 0 in all of {x\ > 0, x n = 0}. Indeed, if T^nlx! > 0, x n = 
0} / 0, then there exists x$ £ !T U „ D {xi > 0,x„ = 0} such that 'P Xo ('Uo,Xo,0+) = 
4M\B[\. Since uo is homogeneous by Corollary 13.61 iii). then Axo £ 3"„ 0 for each 
A > 0 and ^ A:ro (uo,XO;0+) = AM\B[\. By the upper semicontinuity of the map 
x i-A 'P :!: (wo J Xo, 0+) we necessarily have 4'°(zio> Xo, 0+) = 4M\B[\. However, this 
contradicts Proposition l4.41 Thus, uq > 0 in {xi > 0, x n = 0} and hence, uq satisfies 
div(|x rl | 1-2s Vuo) = 0 in M" \ {xi < 0,x n = 0}}. Since uq is also homogeneous 
of degree s, writing it as uq{x) = r s / o ( w ), with r = |x| and to = x/|x|, we see 
that /o is a nonnegative eigenfunction of the weighted spherical Laplacian as in 
Proposition 14.51 in dB\ \ {wi < 0=0}. Hence, /o is a positive multiple of the 
explicitly given eigenfunction 2 -s ((w 2 + w 2 ) 1 / 2 + wi) and hence 

u 0 (x) = a 2 -s ^(xj + x^) 1 / 2 + xi^ , 

for some a > 0. Then Theorem 14.II follows directly by applying Proposition [4731 as 
in the first proof of the theorem. □ 


Appendix A. 

In this appendix we prove the asymptotic development for nonnegative solutions 
of div(|x„| 1-2s Vu) = 0 near the : flat’ boundary points. The proof uses ideas similar 
to those in Lemma A.l and Corollary A.l in )CLW97b] , 

Below, we will denote, 

A := {x £ R" : x n = 0, xi < 0}. 

P(x) ■= Ys ( \l X l + X l + *1 ) • 

Lemma A.l. Let u £ C 0,S (B i) be nonnegative, u = 0 on A n B\ and satisfy 
div(|x n | 1-2s Vu) < 0 in B\ \ A. Then u has an asymptotic development at the 
origin 

u{x) = aP(x ) + o(|x| s ) 

with a constant a > 0. 

Proof. Let 

e(r) := sup{e : u(x) > sP(x) in B r }, 0 < r < 1. 

Then e(r) is a nonincreasing function of r, and moreover it is bounded above by the 
C°’ s norm of u. Let a '■= lim,—>o+ e ( r )- From this definition of a , we immediately 
have 

(A.l) u(x) > aP(x) + o(|x| s ) in B\. 

Claim. We have u{x) = aP(x) + o(|x| s ). 
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We argue by contradiction. Assume that there are some So > 0 and a sequence 
Xk £ B\ with rk '■= \xk\ —> 0 such that 

(A.2) u(x k ) - aP{x k ) > S 0 r s k . 


Consider the rescalings 


Uk(x) := 


u{r k x) 


for x £ B 1 / rk , 


x k := — x k £ dBi. 

rk 


Since u £ C°’ S (B i), then there exists a subsequence which we still denote by u k 
and v £ CiocQR") such that u k — > v uniformly on compact subsets in 1". We can 
also assume x k —> x £ dB\. From (IA.1I) and (IA.2I) we have 


v — aP > 0 in B\, v(x ) — aP(x ) > - 


By the uniform convergence of u, k to v and the Holder regularity of v, there exists 
> 0 such that B v (x) D A = 0 and 


v — aP > 


2 ’ 


u k — aP > 


So 

2 


for k > ko large enough, on B v (x). 


Now let ro be a solution to div (|| 1 2s Vw) = 0 in Bi \ A with smooth boundary 
data, such that 

w = 0 on d(B 1 \ A) \ B v / 2 (x), 

C 

w = on 9(Bi \ A) n B,/ 4 (S), 

0 < w < on d(Bi \ A) fl B v / 2 (jc). 

By the maximum principle, w is nonnegative in B\ \ A. By the boundary Harnack 
principle (see [CSS08] ). there exist small /x ,7 > 0 which depend on So and e such 
that 

w{x) > fiP(x) on B 1 . 

Now, each u k satishes div(|a; n | 1-2s Vwfc) < 0 in B\ \ A. Let w k be the solution to 
div(|x„| 1_2s Vrcfe) = 0 in Bi \ A and w k = min(0, u k — aP) + w on d(B\ \ A). By 
the comparison principle, u k — aP > w k in B\ \ A. Moreover, by (IA.Hl . we see 
Wk —> w uniformly on d(B\ \ A) and hence, by the maximum principle, also on B\. 
By the boundary Harnack principle, we can assume therefore that 

w(x) - w k {x) < -jP(x), in B 7 , 


for large k , which then gives 

Uk(x) — aP(x) > w k {x) + fJ,P{x) — w(x) > P(x ) in H 7 . 


Scaling back, we therefore have 


u{x) > (a + D P(x) 


in Bj rk , 


implying that e(yrfc) > a + §, which in turn leads to the absurd a > a + This 
proves the lemma. □ 
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Corollary A.2. Let u £ C 0,S (B i) be nonnegative, u = 0 on A n B\ and satisfy 
div(|a; rl | 1_2s Vu) = 0 in {u > 0}. Then u has an asymptotic development at the 
origin 

u(x) = aP(x ) + o(|a;| s ) 

with a constant a > 0. 

Proof. Note that from the conditions above div(|x„| 1 “ ,s VM) > 0 in B\ \ A. Then, 
we claim that there exists C > 0 such that 

u < CP(x ) in Bi/ 2 . 

Indeed, if re is a solution of the Dirichlet problem div(|a; rl | 1_2s Vw) = 0 in _B 3 / 4 \ A, 
w = u on <9(I?3/4 \ A), then by the boundary Harnack principle 

w < CP(x) in Bi /2 

and our claim follows from the comparison u < w in -B3/4. Now, 

U{x) = CP(x) — u{x) 

will satisfy the conditions of Lemma TA.II (in B 1 / 2 instead B\) and the asymptotic 
development of u will follow from that of U. □ 
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